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Abstract
In this paper, it is shown that every norm continuous linear local derivation from an arbitrary
CSL algebra whose lattice is generated by finitely many independent nests into any ultraweakly
closed subalgebra which contains the algebra is an inner derivation, and that every norm
continuous linear local derivation from an arbitrary CSL algebra whose lattice is completely
distributive into any ultraweakly closed subalgebra which contains the algebra is a derivation.
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1. Introduction
LetA be a ring or an algebra and E be anA-bimodule. Recall that a derivation
is a linear map δ :A→ E with the property that δ(AB) = δ(A)B + Aδ(B) for all
A,B inA. It is called an inner derivation if there exists an element T ∈ E such that
δ(A) = AT − TA for all A in A. A linear map θ :A→ E is a local derivation
if for each A in A there is a derivation δA from A into E, depending on A, such
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that θ(A) = δA(A). The notion of local derivations was introduced independently by
Kadison [8] and Larson and Sourour [9]. Kadison proved [8, Theorem A] that every
norm continuous linear local derivation from a von Neumann algebra into its dual
normal bimodule is a derivation. Larson and Sourour [9, Theorem 2.1] proved the
same result forB(X), the algebra of all bounded linear operators on a Banach space
X. Johnson [7] extended Kadison’s result to local derivations from any C∗-algebra
into its Banach bimodule. Brešar [1] showed that the hypothesis in Kadison’s theorem
could be weakened to a local derivation from the von Neumann algebra into a normed
bimodule. Brešar and Šemrl [2,3] have made further study of local derivations and
local automorphisms onB(H) and on the standard operator algebras. Crist [4] proved
that for an algebra which is the direct limit of finite CSL algebras via ∗-extendable
embedding, any norm continuous linear local derivation is a derivation. In this paper,
we consider local derivations on certain CSL algebras.
LetH be a complex separable Hilbert space. A subspace latticeL is a strongly
closed lattice of orthogonal projections onH, containing 0 and I . IfL is a subspace
lattice, AlgL denotes the algebra of all bounded linear operators on H that leave
invariant every projection in L. A lattice L is a commutative subspace lattice, or
CSL, if each pair of projections inL commute; AlgL is then called a CSL algebra.
A totally ordered subspace lattice is called a nest, and the associated algebra is a
nest algebra [5]. If P,Q ∈L with Q < P , then the projection E = P − Q is called
an interval from L. An interesting class of commutative subspace lattices is the
finite-width lattices, a lattice has finite-width if it is generated by finitely many nests.
A smaller class is obtained by insisting that nests be independent. A collection of
nestsL1,L2, . . . ,Ln is called independent if, whenever Ei is a non-zero interval
from Li , the product
∏n
i=1 Ei /= 0. Tensor products of nests form an even more
special class. Thus we have, in descending order of generality, the following classes
of lattices and their corresponding algebras: commutative subspace lattices, finite-
width lattices, finite-width lattices generated by independent nests, tensor products
of nests, and nests. IfL is generated by finitely many commuting independent nests,
we will call AlgL a FCIN algebra. LetL be a subspace lattice. For each projection
E ∈L, we let
E− = ∨
{
F : F ∈L, FE} and E∗ = ∧
{
F− : F ∈L, FE
}
.
A subspace latticeL is called completely distributive if E∗ = E for every E inL. If
L is completely distributive and commutative, we will call AlgL a CDC algebra. Let
x and y be vectors inH, we use the notation x ⊗ y for the rank one operator defined
by (x ⊗ y)z = (z, x)y for all z in H. Let RL be the linear span of the rank-one
operators in AlgL. Laurie and Longstaff [11] proved that a commutative subspace
latticeL is completely distributive if and only ifRL is ultraweakly dense in AlgL.
Laurie [12] gives an example of a latticeL generated by two independent continuous
nests for which the Hilbert–Schmidt operators in AlgL are neither strongly nor
ultraweakly dense in AlgL. Therefore, a commutative subspace lattice generated by
finitely many independent nests is, in general, not completely distributive.
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Let L be a CSL, the von Neumann algebra (AlgL) ∩ (AlgL)∗ is called the
diagonal of AlgL and denoted byD(L). LetR(L) denote the norm closed algebra
generated by {E(AlgL)E⊥ : E ∈L}. It is clear that R(L) is a norm closed ideal
of the CSL algebra AlgL.
2. Local derivations on FCIN algebras
In this section, our main result is the following theorem.
Theorem 2.1. LetL be a commutative subspace lattice generated by finitely many
independent nests, and M be any ultraweakly closed subalgebra of B(H) which
contains AlgL. Then every norm continuous linear local derivation from AlgL
intoM is an inner derivation.
To prove Theorem 2.1, we need some lemmas. We assume that L is generated
by the commuting independent nests L1,L2, . . . ,Ln,M is a ultraweakly closed
subalgebra of B(H) which contains AlgL, and that θ is a norm continuous linear
local derivation from AlgL intoM. The proof of the following lemma is similar to
that of [14].
Lemma 2.1. Let V be an arbitrary CSL on a complex separable Hilbert space
H, and M be a ultraweakly closed subalgebra of B(H) which contains AlgV.
If θ : AlgV→M is a norm continuous linear local derivation, then θ(XAY) =
θ(XA)Y + Xθ(AY) − Xθ(A)Y for all A in AlgV and all X, Y inD(V) +R(V).
Taking A = I in Lemma 2.1, we have
Corollary 2.1. θ(XY) = θ(X)Y + Xθ(Y ) for all X, Y in D(L) +R(L).
Lemma 2.2. Let A ∈ AlgL and B ∈ D(L) +R(L). If AB ∈ D(L) +R(L),
then θ(AB) = θ(A)B + Aθ(B).
Proof. Let = {i : 0+ = 0 inLi}. In the case when = ∅, for each i = 1, 2, . . . , n,
let Qi = 0+ be the projection inLi , define G = ∏ni=1 Qi. It is clear that GB(H) ⊂
D(L) +R(L). Let T ∈ B(H), then by Lemma 2.1, we have
θ(GTAB) = θ(GTA)B + GT θ(AB) − GT θ(A)B. (1)
On the other hand, it follows from Corollary 2.1 that
θ(GTAB) = θ(GTA)B + GTAθ(B). (2)
It follows from Eqs. (1) and (2) that GT [θ(AB) − θ(A)B − Aθ(B)] = 0 for all T in
B(H). Thus, θ(AB) = θ(A)B + Aθ(B).
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In the case when  /= ∅, for each i /∈ , let Qi = 0+ be the projection in Li ,
define R = ∏i /∈Qi (If  = {1, 2, . . . , n}, we take R = I ). For each i ∈ , there
exists a decreasing sequence Pi,k of projections inLi \ {0} which converges strongly
to 0. Let Mk = ∏i∈ Pi,k and Nk =
∏
i∈ P⊥i,k , then limk→∞Nk = I . It is clear that
MkRB(H)Nk ⊂ R(L) for all k ∈ N. It follows from Lemma 2.1 that
θ(MkRTNkAB) = θ(MkRTNkA)B + MkRTNkθ(AB) − MkRTNkθ(A)B
for all T ∈ B(H) and k ∈ N. On the other hand, by Corollary 2.1, we have
θ(MkRTNkAB) = θ(MkRTNkA)B + MkRTNkAθ(B).
Thus MkRTNk[θ(AB) − θ(A)B − Aθ(B)] = 0 for all T ∈ B(H) and k ∈ N. By
independence of the nestsLi , MkR /= 0 for all k ∈ N. Hence
Nk[θ(AB) − θ(A)B − Aθ(B)] = 0
for all k ∈ N. Letting k → ∞, we have that θ(AB) = θ(A)B + Aθ(B). The proof
is complete. 
Proof of Theorem 2.1. Let θ : AlgL→M be a norm continuous local derivation.
By [6, Theorem 3.1], it suffices to prove that θ is a derivation.
Let  = {i : I− = I in Li}. In the case when  = ∅, for each i = 1, 2, . . . , n,
let Qi = I− be the projection inLi and N = ∏ni=1 Q⊥i , then B(H)N ⊂ D(L) +
R(L). Let A,B ∈ AlgL, it follows from Lemma 2.2 that
θ(ABTN) = θ(AB)TN + ABθ(T N) (3)
for all T in B(H). On the other hand, we have from Lemma 2.2 again
θ(ABTN) = θ(A)BTN + Aθ(BTN)
= θ(A)BTN + A[θ(B)T N + Bθ(T N)]
= θ(A)BTN + Aθ(B)T N + ABθ(T N).
This and Eq. (3) show that [θ(AB) − θ(A)B − Aθ(B)]TN = 0 for all T in B(H).
Thus, θ(AB) = θ(A)B + Aθ(B).
In the case when  /= ∅, for each i /∈ , let Qi = I− be the projection in Li ,
define M = ∏i /∈Q⊥i (If  = {1, 2, . . . , n}, we take M = I ). For each i ∈ , there
exists a increasing sequence Pi,k of projections inLi \ {I } which converges strongly
to I . Let Ek = ∏i∈ Pi,k and Fk =
∏
i∈ P⊥i,k , then limk→∞ Ek = I . It is clear that
EkB(H)MFk ⊂ R(L) for all k ∈ N. Let A,B ∈ AlgL, it follows from Lemma
2.2 that
θ(ABEkTMFk) = θ(AB)EkTMFk + ABθ(EkTMFk) (4)
for all T ∈ B(H) and k ∈ N. On the other hand, by Lemma 2.2 again
θ(ABEkTMFk) = θ(A)BEkTMFk + Aθ(BEkTMFk)
= θ(A)BEkTMFk + A[θ(B)EkTMFk + Bθ(EkTMFk)]
= θ(A)BEkTMFk + Aθ(B)EkTMFk + ABθ(EkTMFk).
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Thus [θ(AB) − θ(A)B − Aθ(B)]EkTMFk = 0 for all T ∈ B(H) and k ∈ N. By
independence of the nestsLi , MFk /= 0 for all k ∈ N. Hence
[θ(AB) − θ(A)B − Aθ(B)]Ek = 0 (5)
for all k ∈ N. Letting k → ∞, we have that θ(AB) = θ(A)B + Aθ(B). The proof
is complete. 
As a consequence of Theorem 2.1 and [6, Theorem 3.2], we have
Corollary 2.2. Let Li be nests on complex separable Hilbert spaces Hi (i = 1,
2, . . . , n), andL =L1⊗L2⊗ · · ·⊗Ln. Then every norm continuous linear local
derivation from AlgL into the space of all compact operators in B(H1 ⊗H2 ⊗
· · · ⊗Hn) is an inner derivation.
The following corollary gives an answer for FCIN algebras to the questions raised
by Larson [10, Remark 6.4].
Corollary 2.3. The space of derivations is algebraically reflexive and the space of
inner derivations is relatively algebraically reflexive for FCIN algebras.
Let  and  be as in the proof of Lemma 2.2 and Theorem 2.1, respectively. The
following result concerns the question of automatic continuity for everywhere defined
mappings proposed by Kadison [8].
Corollary 2.4. LetL be a commutative lattice generated by finitely many indepen-
dent nests with  /= ∅ and  /= ∅. Then every linear local derivation θ from AlgL
intoM (no continuity of θ is assumed) is an inner derivation.
3. Local derivations on CDC algebras
In this section, we will prove the following theorem.
Theorem 3.1. Let L be a commutative, completely distributive lattice, and M be
any ultraweakly closed subalgebra ofB(H) which contains AlgL. Then every norm
continuous linear local derivation from AlgL intoM is a derivation.
We assume that L is a commutative, completely distributive lattice, M is a ul-
traweakly closed subalgebra of B(H) which contains AlgL, and that θ is a norm
continuous linear local derivation from AlgL intoM. The following lemma is due
to Longstaff [13].
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Lemma 3.1. The rank-one operator x ⊗ y belongs to AlgL if and only if there is a
projection E inL such that y ∈ EH and x ∈ E⊥−H.
It follows from Lemma 3.1 that EB(H)E⊥− ⊆ AlgL for every E in L. Let
S(L) denote the norm closed algebra generated by {EB(H)E⊥− : E ∈L}. Then
RL ⊆S(L) ⊆ AlgL, and so S(L) is ultraweakly dense in AlgL. It is clear
that E⊥−EB(H)E⊥−E ⊆ D(L). For every T ∈ B(H) and A ∈ AlgL, we have
AETE⊥− = E(AET )E⊥− ∈S(L) and ETE⊥−A = E(T E⊥−A)E⊥− ∈S(L) and
ETE⊥− = E⊥−ETE⊥−E + E−(ET EE⊥−)E⊥− + E(ETE⊥−)E⊥ ∈ D(L) +R(L).
Then S(L) is a norm closed ideal of AlgL and S(L) ⊆ D(L) +R(L). By
Lemma 2.1, we can obtain the following lemma.
Lemma 3.2. θ(XAY) = θ(XA)Y + Xθ(AY) − Xθ(A)Y for all A ∈ AlgL and
X, Y ∈S(L).
Taking A = I in Lemma 3.2, we have
Corollary 3.1. θ(XY) = θ(X)Y + Xθ(Y ) for all X, Y ∈S(L).
Proof of Theorem 3.1. Let A,B ∈ AlgL and X, Y ∈S(L). Note that S(L) is
an ideal of AlgL, then by Corollary 3.1, we have
θ(XAY) = θ(X)AY + Xθ(AY). (6)
On the other hand, it follows from Lemma 3.2 that
θ(XAY) = θ(XA)Y + Xθ(AY) − Xθ(A)Y. (7)
This and Eq. (6) show that [θ(XA) − θ(X)A − Xθ(A)]Y = 0 for all Y ∈S(L).
Noticing thatS(L) is ultraweakly dense in AlgL, we have
θ(XA) = θ(X)A + Xθ(A) (8)
for all A ∈ AlgL and X ∈S(L). Hence
θ(XAB) = θ(X)AB + Xθ(AB). (9)
From the fact that XA ∈S(L), then by (8), we have
θ(XAB) = θ(XA)B + XAθ(B)
= [θ(X)A + Xθ(A)]B + XAθ(B)
= θ(X)AB + Xθ(A)B + XAθ(B).
This and Eq. (9) give us that X[θ(AB) − θ(A)B − Aθ(B)] = 0 for all X ∈S(L).
Since S(L) is ultraweakly dense in AlgL, we have θ(AB) = θ(A)B + Aθ(B).
The proof is complete. 
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As a consequence of Theorem 3.1, we have the following corollary, which gives
an answer for CDC algebras to the questions proposed by Larson [10, Remark 6.4].
Corollary 3.2. The space of derivations is algebraically reflexive for CDC algebras.
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